This paper applies a multivariate filter on a small macroeconomic model to derive estimates of Malta"s potential output growth, the output gap and NAIRU. The unobservable variables are derived from a system that incorporates long-standing relationships in economic theory, such as the Phillips Curve and Okun"s Law, while also allowing for hysteresis effects. Given the structural changes in the Maltese economy, with a shift over the past decade from traditional industries such as manufacturing towards higher-value added and export-oriented services, the model replaces a common variable used in the literature, capacity utilization in manufacturing, with two foreign variables, demand and imported inflation. The inclusion of foreign variables is important since Malta is one of the most open economies in the world with a high degree of import content. The model is also able to account for the high degree of volatility manifested in the time series of very small open economies. The estimates from the multivariate filter are compared with those derived from alternative approaches. Despite the negative impact from the financial crisis of 2009, by 2014 potential output growth had already surpassed the pre-crisis growth rates. The crisis had no permanent impact on NAIRU. This performance is clearly at odds with that of other European economies and bodes well for Malta"s convergence process.
Introduction
Estimating potential output has always been a challenge for policymakers, especially in economies undergoing structural changes. The Maltese economy is a typical example. From around 4% in the second half of the 1990s, GDP growth decelerated to around 2% per annum in the early 2000s as the economy was hit by a combination of adverse demand and supply shocks. During this period, a number of manufacturing industries were negatively affected by the liberalization policies and the dismantling of trade barriers in the run-up to EU membership in 2004. The pre-crisis recovery was driven by the diversification of the economy from traditional industries towards high value-added sectors, mostly in the services sector. The economic and financial crisis of 2009 led to a contraction in output but growth rebounded strongly in the following years such that, by end of 2014, real GDP was around 15% higher compared to early 2008. At the same time, the labour market remained resilient with unemployment declining to historical lows and rising participation rates. This paper applies a multivariate filter proposed by Benes et al. (2010) on a small macroeconomic model to derive estimates of Malta"s potential output growth, the output gap and NAIRU. Some adjustments are however necessary to tailor the model to Malta"s unique characteristics. Given the structural changes of the economy, with a shift over the past decade from traditional industries such as manufacturing towards higher-value added and export-oriented services, capacity utilization in manufacturing, a commonly used variable in this literature, is replaced with two foreign variables, demand and imported inflation. The inclusion of the foreign variables is crucial since Malta is one of the most open economies in the world, with exports-to-GDP ratio of around 150% and a high degree of import content. Finally, the model is augmented with measurement errors to account for the high degree of volatility manifested in the time series of very small open economies (Grech, 2013) .
The unobserved components are estimated using the Kalman filter with Bayesian inference methods. The multivariate filter is considered a hybrid approach, blending statistical filters with long-standing relationships in economic theory, such as the Phillips Curve and Okun"s Law. It also allows for hysteresis effects, a potentially interesting feature in the aftermath of a financial crisis. An advantage of this framework is that, in addition to potential output, the model allows for the simultaneous estimate of the output gap, NAIRU and the unemployment gap.
The estimation of these unobserved variables is important for both forecasting and policy analysis. For instance, potential output and the associated cyclical position of the economy have an effect on the conduct and evaluation of fiscal policy. Recent changes in domestic and European fiscal frameworks, such as the "Fiscal Compact", place more emphasis on the calculation of the underlying fiscal position and the specification of medium-term objectives (MTO) in structural terms. In turn, independent fiscal councils in each member states are being established to supervise domestic compliance with the new fiscal rules.
The main findings are summarized as follows. Despite the negative impact from the financial crisis of 2009, by 2014 potential output growth had already surpassed the pre-crisis growth rates and is gradually catching-up to the higher growth rates registered in the late 1990s. The output gap was broadly in balance after the crisis given the strong recovery in both actual and potential GDP growth. The crisis had no permanent impact on NAIRU, which maintained its downward trend observed over the past decade. This performance is clearly at odds with that of other European economies and bodes well for Malta"s convergence process.
The rest of the paper is organized as follows. Section 2 provides a brief review of the literature on the main approaches used to estimate potential output and NAIRU. Section 3 describes the multivariate filter and the estimation methodology. Section 4 reports the empirical estimates of the permanent and cyclical components of GDP and the unemployment rate. Section 5 compares the estimates from the multivariate filter with alternative estimates for Malta and from survey data, while section 6 reports on sensitivity analysis to assess the robustness of the findings. Section 7 concludes.
Literature Review
One of the most common approaches to estimate unobservable variables such as potential output and NAIRU is the Hodrick-Prescott (HP) filter. The wide application of the HP filter is mostly due its simplicity and minimal data requirement. However, it contains several drawbacks. It suffers from poor reliability at the end of the sample, which limits its usefulness for estimating the current value of potential output. The choice of the smoothing parameter is critical but ultimately arbitrary (Note 1). It also tends to smooth structural breaks, even if these take the form of clear shifts in the level or the rate of growth of the series. Another commonly used method is the band-pass filter (Baxter & King, 1999; Christiano & Fitzgerald, 2003) although most of the criticism on the HP-filter applies also to these methods.
Multivariate approaches attempt to extract the trend using the information in the output series in conjunction with information contained in other variables. More generally, these techniques typically attempt to take into account empirical relationships, such as the Phillips curve and Okun"s Law. Initial papers in the literature focused mainly on the relationship between output, inflation and the unemployment rate (Apel & Jansson, 1999; Fabiani & Mestre, 2004) . More recent applications, however, extended the number of observable variables. Benes et al. (2010) estimate a multivariate filter for 12 developed economies using also data on inflation expectations and capacity utilization in manufacturing. This filter closely resembles the single-country structure of the IMF"s Global Projection Model (Carabenciov et al., 2008a, b, c) . Blagrave et al. (2015) extend the multivariate filter of Benes et al (2010) by introducing information from consensus forecasts.
Similar filters for small open economies introduce additional features to capture country-specific characteristics. For instance, Berger and Kempa (2014) estimate potential output and the output gap for Canada using data on interest rates and the exchange rate. In addition to the usual variables, Sramkova et al. (2010) use also FDI inflows to calculate the output gap in Slovakia. Similarly, Bokan and Ravnik (2012) extend the model by Benes et al. (2010) for Croatia by adding additional variables such as retail trade, industrial production and the current account. Benes and N"Diaye (2004) extend a similar filter for the Czech Republic using also domestic and foreign interest rates, the exchange rate and imported inflation.
In addition to these filtering techniques, there are other common methods in the literature used to estimate potential output (Note 2). The production function framework provides a comprehensive economic framework with a clear link between output and its fundamental determinants, namely total factor productivity and capital and labour inputs. In Grech and Micallef (2013) , the latter is further decomposed into the main labour market components, like the working-age population, the trend participation rate, the structural unemployment rate and trend hours worked. But other decompositions or functional forms are also possible (Note 3). The production function approach is the method used by the European Commission for the calculation of the cyclically-adjusted fiscal balances for the purposes of the Stability and Convergence Reports (D"Auria et al., 2010) . Another common approach to derive potential output is the one proposed by Blanchard and Quah (1989) . These authors www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 8, No. 5; apply a SVAR model with long-run restrictions using data on GDP and the unemployment rate to distinguish between demand (temporary) and supply (permanent) shocks. Finally, measures of potential output can also be derived using DSGE models (Smets & Wouters, 2003 , 2007 Vetlov et al., 2011) . Within this framework, the model-consistent measure of potential output is defined as the output level that would be realised in equilibrium if prices and wages were perfectly flexible.
The Multivariate Filter
The multivariate filter developed in this paper builds heavily on similar models in the literature to estimate potential output and NAIRU, most notably Benes et al. (2010) . The model consists of the following 10 equations.
The Macroeconomic Model:
Equation (1) is an identity, defining GDP (Y) as the sum of two unobserved components, the trend component, the potential output (YBAR) and the cyclical component, the output gap (YGAP). Output refers to the natural logarithm of the seasonally-adjusted real GDP. ϵ y_me represents the measurement error.
Equation (2) describes the stochastic behaviour of the trend component, YBAR, which follows a random walk with a time-varying drift. ε YBAR is a shock to the level of potential output. Potential output depends on the underlying trend growth (G) and on changes in NAIRU. Changes in NAIRU may cause potential growth to differ from G, where the first difference, ΔUBAR, captures the impact of changes in the equilibrium level of unemployment on the growth rate of potential output, with ϑ being the share of labour in GDP. Equation (3) describes the time-varying drift in the growth rate of potential output. In the long run, the growth rate of potential output is equal to its steady state growth rate, GSS. In the short to medium term, however, it can diverge from this steady state growth rate following a shock to the growth rate of potential output, ε G . The parameter τ determines the speed with which the economy returns to its steady state growth rate after a shock. Equation (4) describes the dynamics of the output gap which is assumed to depend on its own lagged value, the cyclical component of foreign demand and the deviation of domestic prices from foreign prices. The latter capture the importance of external price competitiveness for a small and open economy like Malta and is also necessary given the absence of monetary policy from the model. The negative effect on demand from losses in price competitiveness is consistent with a broad range of monetary regimes. For instance, in an inflation-targeting regime, higher inflation will be met by a tightening of monetary policy, which will reduce the output gap whereas, in a fixed exchange rate regime, relatively high inflation will lead to an appreciation of the real exchange rate, eventually dampening excess demand.
Equations (5) to (7) constitute the labour market block. Equation (5) is an identity, defining the seasonally-adjusted unemployment rate as the sum of the trend component (UBAR) and the cyclical component (UGAP). ϵ u_me represents the measurement error. The trend component refers to the NAIRU. Equation (6) describes the dynamics of NAIRU, which is modeled as a random walk stochastic process. The inclusion of the output gap in NAIRU represents a partial hysteresis effect from economy-wide demand fluctuations. Equation (7) specifies a dynamic Okun"s Law, linking the unemployment gap to the output gap. Equation (8) describes a Phillips Curve relationship to explain the dynamics of core inflation, defined as HICP inflation excluding energy, food, alcohol and tobacco. The lagged term captures inertia and rigidity in the price adjustment mechanism and, in the absence of a suitable variable to capture forward-looking inflation expectations, also represents an adaptive process in forming expectations. The restriction of one implies the www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 8, No. 5; absence of a long-run tradeoff between the nominal and the real side of the economy. Core inflation is also influenced by the lagged level and the change in the output gap. The former incorporates the standard short-run tradeoff between economic activity and inflation, while the latter reflects certain rigidities in the adjustment of the economy. The last term captures the impact of foreign prices on domestic inflation, which is an important channel in a small and open economy with a high degree of import content.
Equations (9) and (10) model the two foreign variables -demand (FDEM) and prices (PSTAR) -as a first-order autoregressive process. The error terms in all equations are assumed to follow standard assumptions, i.e. are identically and independently normally distributed and uncorrelated.
Estimation and Empirical Results

Estimation
The model is estimated using Bayesian inference techniques on quarterly data from 1999Q1 to 2015Q2 using five observables: real GDP, year-on-year core HICP inflation, the unemployment rate, the cyclical component of foreign demand and core HICP inflation in the euro area (Note 4). As explained in Carabenciov et al (2008a, b, c) , an important advantage of this methodology is the use of prior information that restricts parameters to remain within economically sensible regions. This is especially important in the case of Malta where the sample size is relatively small and the data could be uninformative about several parameters.
The share of labour in GDP (ϑ) was calibrated ex-ante at 0.58, equivalent to the share of wages in Gross Value Added adjusted for the share of self-employed. In line with similar studies, the standard deviation of NAIRU was calibrated at 0.1, which according to Gordon (1997) , "results in NAIRU series that exhibits substantial movements but just avoids sharp quarter-to-quarter zig-zags" (Note 5). The variance of the measurement errors was calibrated to correspond to around 15% of the variance in GDP growth and the change in the unemployment rate.
The choice of priors relied heavily on similar studies in the literature, in particular to Carabenciov et al. (2008a, b, c) and Benes et al. (2010) . The choice of prior distributions reflects restrictions on the parameters, such as non-negativity or interval restrictions. Beta distribution was used for parameters constrained on the unit interval, while the gamma distribution was chosen for parameters in R+. Inverse gamma distribution was chosen for the standard deviation of the shock processes.
Empirical Results
Appendix A reports the posterior means and the 68 percent confidence intervals of the posterior distribution computed with the Metropolis Hastings algorithm. The results are based on two distinct chains of 500,000 draws each, after discarding the first 20% of the draws. The average acceptance rate is around 22% for both chains, which is broadly in line with the optimal acceptance rate.
The posterior mean of the parameter τ is estimated at 0.11 which implies that the impact of shocks on the growth rate of potential output is very persistent. This result is in line with the findings in the literature. In the output gap equation, the weight of the lagged output gap parameter is estimated at 0.48, implying a moderately persistent output gap. The lagged foreign demand indicator is estimated at 0.18, which although lower than the prior mean, confirms the importance of foreign demand in shaping the dynamics of the domestic output gap. The weight of the price competitive term is around 0.09, broadly in line with the prior. Turning to Okun"s Law equation, the lagged impact of the unemployment gap is estimated at around 0.66, implying a moderately more persistent unemployment gap compared to the output gap. The elasticity of the unemployment gap to the lagged output gap is estimated at around 0.10, in line with estimates for Okun"s Law in Malta presented in Micallef (2013b) . The impact of the demand fluctuations on NAIRU is estimated at 0.03, lower than the prior, suggesting weak hysteresis effects in Malta. In the Phillip"s Curve equation, speed-limit effects have a higher impact on domestic inflation compared to the level of the output gap, suggesting that adjustment rigidities can potentially play an important role in shaping domestic price pressures. While lower than the prior, the impact of foreign inflation is also relatively stronger than the level of the output gap, a not surprising result for a small and open economy with a high degree of import content. Finally, the steady-state growth rate is estimated at 2.6%, above the prior of 2.5%. Figure 1 plots the main results. As expected, the estimated potential GDP growth rate is smoother than the actual GDP growth rate, which was quite volatile in the period under consideration, ranging from 6.4% in 2000 to -2.6% in 2009. According to the multivariate filter, potential GDP growth stood around 4% in 2000 but declined to below 2% by 2004. Potential GDP growth increased gradually and peaked at around 2.5% in 2008. The financial crisis had a negative impact on potential GDP growth but this recovered strongly such that, by 2014, it had exceeded the pre-crisis growth rates. The positive momentum was maintained in the first half of 2015.
Developments in NAIRU were broadly positive over the last decade, with a trend decline from above 7% in the early 2000s to around 6.1% in 2014. Contrary to the experience in other euro area economies, the crisis had no permanent impact on NAIRU (Note 6).
The output gap was mostly in negative territory in the early 2000s, reaching a trough in 2004. It then turned positive in 2007 and peaked at around 2.5% in 2008. However, the onset of the 2009 recession led to a sharp contraction in output growth, with the output gap turning sharply negative again. The speed of the recovery in Malta"s output growth after the crisis implied a rapid closure of the output gap. This is clearly at odds with the experience in other European economies where estimates of the output gap remain in negative territory six years after the start of the crisis.
The unemployment gap captures slack in the domestic labour market and broadly mirrors developments in the output gap. This gap has been broadly positive in the early 2000s mainly as a result of the restructuring in the manufacturing industry, especially the downsizing of the relatively labour intensive textile and clothing sectors. The subsequent decline in the unemployment before the onset of the crisis was the result of buoyant economic activity and the restructuring of the economic base towards higher value-added activities, mostly services oriented. As a result, the unemployment gap turned negative in 2007 and 2008. The increase in the unemployment rate during the recession of 2009, with the manufacturing and tourism industries being the worst hit, led the unemployment gap to turn positive again. As the impact of the recession was less severe in Malta compared to other euro area countries, the rise in the unemployment rate started to be reversed already by 2010. As a result, the build-up of the positive unemployment gap during the recession was short-lived and the cyclical component of the unemployment rate was broadly in balance between 2011 and 2013.
While the two cyclical indicators -the output and unemployment gaps -tend to move in synch in opposite directions, the output gap is much more volatile than the unemployment gap. This is to a large extent influenced by the fact that over the past decade, the volatility of output was much pronounced than that of the unemployment rate, which, despite the large shocks hitting the economy over this period, fluctuated between the relatively narrow range of 5.5% to 8%.
As with most econometric models, the results are naturally conditioned on the underlying system of equations.
To cross-check these estimates, the next section compares the estimates from the multivariate filter with those obtained from alternative methodologies.
Comparison with Alternative Approaches
Given that the estimates from the multivariate filter are unobservable variables, there is no formal criterion of fit. Figure 2 compares the estimates of the annual growth rate in potential output, the output gap and NAIRU with www.ccsenet.org/ijef
International Journal of Economics and Finance Vol. 8, No. 5; those obtained from the HP-filter using two different smoothing parameters. The first is 1600, proposed by Kydland and Prescott (1990) and the other is 7680, proposed by Almeida (2009) for Portugal, which is also a small and open economy in a monetary union. To avoid the end-of-sample problem, the GDP and unemployment series were extended until 2018 using the European Commission"s Autumn 2015 economic forecasts.
The annual growth rate of potential output is more pronounced compared to those obtained from univariate filters. The dynamics of potential output growth from the multivariate filter are in fact close to the production function approach, described in Micallef and Grech (2013) and the estimates of the European Commission in its Autumn 2015 Economic Projections. The latter two estimates are only available on an annual basis and are therefore not shown in Figure 2 . The estimates from the HP-filter capture the trend decline in potential growth in the early 2000s but not the pre-crisis upswing. All estimates, however, point to a strong recovery in potential output growth after the crisis, with the growth rate in 2014 ranging from 3.2% to 3.7%.
The estimates of the output gap from the multivariate filter are broadly similar to those obtained from the HP-filter but are less volatile. This is due to the inclusion of the measurement error in the multivariate filter (equation 1) that is intended specifically to cater for the noise and the high degree of volatility in the data. A closer inspection of the measurement errors suggest that they have become less volatile over time, possibly reflecting improvements in the data collection process by the statistical authority following the introduction of quarterly national accounts statistics in 2000 (Note 7).
Finally, the three alternative estimates point to broadly similar developments in NAIRU with a slight difference observed only during the recession. According to the multivariate filter, the recession led to a slight, though temporary increase in NAIRU (owing to the partial hysteresis effects) whereas the HP filtered measures maintained their downward trend. Estimates of NAIRU for 2014 are broadly similar across the different approaches. The similarity of the NAIRU estimates is in turn reflected in very similar dynamics of the unemployment gap although the measure from the multivariate filter is relatively smoother due to the inclusion of measurement error. 
Sensitivity Analysis
Due to their unobservable nature, estimates of potential output and NAIRU are surrounded by a high degree of uncertainty. In the context of a multivariate filter, the dynamics of the unobservable variables could be very sensitive to the priors of the shock processes, especially the ones for the stochastic processes of trend potential output growth (ε G in equation 3) and NAIRU (ε UBAR in equation 6). To assess the sensitivity of the results to these priors, these were changed in several ways and the model re-estimated in each of them.
Seven different cases were considered. The prior mean for the disturbance ε G was set at 0.4 and 0.75, respectively. In two separate cases, the prior mean for the disturbance ε UBAR was set at 0.07 and 0.13, respectively. In another version, the prior on the parameter τ was increased from 0.10 to 0.25, thereby reducing the speed with which the economy returns to the steady state after a shock. Another version eliminated the hysteresis parameter in equation 6. Finally, a version of the model was estimated by reducing the measurement errors by half. Figure 3 displays the range of estimates for potential output growth, the output gap and NAIRU to the different www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 8, No. 5; specifications of the model. Despite some uncertainty surrounding point estimates, the sensitivity analysis broadly confirm the findings and main conclusions of the previous sections. In particular, potential output growth has recovered strongly after the 2009 crisis and has exceeded the pre-crisis growth rates achieved in the 2000s. All model variants confirm the dynamics of the output gap, with most variation driven by the reduction in the measurement errors. Finally, NAIRU has been trending downwards for the large part of the last decade and the sensitivity analysis confirm that the 2009 recession had no permanent effect on the structural unemployment rate. Note. The range plots the maximum and minimum values from the different model specifications.
Concluding Remarks
This paper applies a multivariate filter on a small macroeconomic model to derive estimates of Malta"s potential output growth, the output gap and NAIRU. These unobservable variables were derived from a system that accounts for the interactions between output, core inflation, unemployment and two foreign variables, reflecting the structural characteristics of Malta as a small and open economy. The model is also augmented with measurement error to account for the high degree of volatility manifested in the time series of very small open economies. Given the uncertainty surrounding these latent variables, the estimates from the multivariate filter were compared with HP-filtered estimates with different smoothing parameters, as well as those derived from a production function approach.
Several interesting and policy relevant results are worth highlighting. First, the multivariate filter confirms the significant changes in Malta"s potential output growth and NAIRU over the past decade. In particular, the 2009 recession had an adverse impact on potential output growth but this has recovered strongly after the crisis and has even exceeded the pre-crisis growth rates. NAIRU has generally been on a downward trend over the past decade and various estimates suggest that the crisis had no permanent effect on the structural unemployment rate. This is clearly at odds with the experience of other European economies and bodes well for Malta"s convergence process. 
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